ABSTRACT. A highly compact model is described for propagating a Gaussian beam in a multilayered medium where the layers are either isotropic or anisotropic in their material properties. This formulation for a single Gaussian can be used as the basis for a multi-Gaussian beam model that can model the fields of a circular planar piston transducer (planar or focused) present after multiple reflections/ transmissions from curved interfaces.
INTRODUCTION
Multi-Gaussian beam models can be used to describe the propagation of sound beams from planar and focused piston transducers in a variety of testing situations [1] , One of the attractive features of multi-Gaussian models is that they are numerically very efficient. This is because these models rely on the superposition of a small number (10-15) of Gaussian beams whose properties can be described in analytical terms even after propagation through general anisotropic media and after interactions with multiple curved interfaces [2] . As the number of interfaces involved increases, however, the analytical expressions for the amplitude and phase of a Gaussian beam become increasingly complex. Such cases can arise in practice, for example, when using angle beam shear waves and one or more "skips" in testing plate and pipe geometries. Here, we will show that by representing these interactions in a modular matrix form and invoking some general transformation relations it is possible to express a Gaussian beam, even after multiple curved interface interactions, in a form that is analogous to the propagation of the Gaussian in a single medium. The elements of this modular model will be applicable to propagation in both isotopic and general anisotropic media. In particular, we will describe the modular Gaussian approach for the immersion setup shown in Fig. 1 where a Gaussian beam is radiated at oblique incidence through a curved fluid-solid interface and indicate how that case can be easily extended to multiple interfaces. The modular model, however, is also directly applicable to a variety of contact and angle-beam testing configurations as well. 
PROPAGATION OF A GAUSSIAN BEAM -FLUID
For the geometry of Fig.l , we will assume that a Gaussian velocity profile is present at the "transducer" and propagates as a Gaussian beam into the fluid as shown in Fig. 2 . The velocity in the Gaussian beam can be written as (see Fig. 2 ), where x = (^, x 2 ) , e is a unit vector in the direction of propagation and Mj is a complex-valued symmetrical 2x2 matrix. The distance s l is along the central axis of the Gaussian beam and c pl is the wave speed of the fluid (medium l).This Gaussian beam can be shown to satisfy the wave equation in the fluid (in the paraxial approximation) if [3] and
where V } (0),M, (0) are the known starting amplitude and phase values in the Gaussian at the "transducer" location (sj = 0). 
TRANSMISSION OF A GAUSSIAN BEAM ACROSS AN INTERFACE
Equation (1) describes the changes in the Gaussian beam as it propagates in the fluid. When this Gaussian beam strikes a curved fluid-solid interface (Fig.l) , reflected and transmitted Gaussian beams are generated. In the anisotropic solid, there is a transmitted quasi P-wave (qp) and two transmitted quasi S-waves (qs l9 qs 2 ). The velocity field for a transmitted Gaussian beam of type a (a = qp, qs l , qs 2 ) can be written as (5) where u a2 is the magnitude of the group velocity, u a2 , of the anisotropic solid (medium 2) for a wave of type a, <T* is the corresponding polarization vector and y =(y l9 y 2 ) are coordinates perpendicular to y 3 which is taken in the direction of the slowness vector in medium 2. The distance s 2 is taken along the central ray of the refracted Gaussian beam in the direction of the group velocity. For an isotropic solid, of course, s 2 is measured along y 3 and u a2 = c a2 where c a2 is the phase velocity for a wave of type a (see Fig. 1 ). To obtain the amplitude, V", and polarization vector, d a , of the wave transmitted in the solid at the interface (s 2 =0)in the paraxial approximation is relatively easy since in that approximation both those quantities can be found by solving for the problem of the transmission of a plane wave at a planar interface [3] . Thus, we find (6) where T^ is the plane wave transmission coefficient for an incident wave of type J3 and a transmitted wave of type a. In Eq. (6) the distance s l is now the distance to the interface (see Fig. 1 ). This result is valid for both isotropic and anisotropic elastic solid problems as long as the appropriate plane wave transmission coefficient and polarization are used. Obtaining M^(0)at the interface is more complicated. It involves matching the phases of the incident and transmitted waves at the interface and approximating the interface surface (if it is curved) to second order near the point where the central ray of the incident Gaussian strikes the interface. Space does not allow us to give those details here, but they can be found in [3] . The result is that we can find M" (0) in terms of M } (s l ) in a form identical to Eq. (3), i.e.
For an fluid/anisotropic solid interface the 2x2 transmission matrices appearing in Eq. (7) are given by (see Fig. 3 respectively, for a wave of type a. For an isotropic solid u" = u" = 0. It can be seen from Eq. (8) that interface curvature effects and beam skewing effects get intermixed for anisotropic materials. This makes these expressions more complex than the isotropic case.
PROPAGATION OF A GAUSSIAN BEAM -ANISOTROPIC ELASTIC SOLID
Waves traveling in an isotropic or anisotropic solid do not satisfy wave equations. However, using high frequency asymptotic ray theory, it can be shown that a Gaussian beam travels along the group velocity direction and satisfies forms similar to the fluid case [3] , namely 3 ) coordinates in the form [4] (13) where the matrix K" is given by
For some simple types of anisotropic media the curvature terms can be expressed in analytical form. In general, however, they must be obtained numerically from the values of the slowness surface in the neighborhood of the refracted ray.
A MODULAR GAUSSIAN BEAM MODEL
If we combine all of our previous results, we now have an explicit expression for the Gaussian beam in the solid where the velocity is given by 
where T mm+l is the appropriate transmission or reflection coefficient for the mth interface and u m is the magnitude of the group velocity for the appropriate wave in the mth medium. In this case we have "
in terms of the global matrices for the entire set of multiple propagation and transmission/reflection matrices with similar relations holding for all the other M m matrix terms appearing in Eq. (18) in terms of the appropriate global matrices relating them to M, (0) . It is also possible to use this modular approach to replace the product of terms appearing in the "amplitude" part of Eq. (18) with a single square root term, thus reducing Eq.(18) to a form that is quite similar to that for the propagation of a Gaussian beam in a single medium. However, for numerical purposes it is more convenient to leave these terms in the form of Eq. (18) since in any form that is used the square roots must be taken of quantities that are complex and those square roots need to be properly interpreted. For all the M w matrices that appear in Eq. (18) this is not a problem since one can show that in the principal coordinates of those matrices, the determinant can be written as the product of two complex numbers, both with positive imaginary parts [3] . Thus, the square roots of these complex numbers also must be positive.
SUMMARY AND DISCUSSION
We have described a highly modular model that describes the propagation of a Gaussian beam in a general anisotropic solid with multiple interfaces. Using the approach of Wen and Breazeale, by the superposition of as few as 10 such Gaussian beams, one can model the corresponding wave field of a circular planar or focused piston source [5] . Thus, in this manner one can also arrive at a highly modular multi-Gaussian beam model and obtain a highly efficient formulation for modeling the wave fields of ultrasonic transducers in very complex testing configurations.
